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Abstract-we develop and study a mathematical model which describes how an inert species 
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1. INTRODUCTION 
Frontal polymerization (FP) is a process in which conversion of monomer to polymer occurs in a 
narrow region of space, the reaction zone. In the simplest case of FP, which involves free radical 
polymerization, a liquid mixture of monomer and initiator is placed into a test tube. Once FP is 
initiated at one end, a self-sustaining reaction wave develops and propagates through the tube. 
In order to initiate the process, a piece of polymer is placed at the bottom of the tube with the 
monomer-initiator mixture. The polymer piece dissolves and forms a gel region which enhances 
the polymerization rate locally-an effect termed the gel effect [l]. The resulting intensive chem- 
ical conversion in the gel region initiates spatial growth of the gel in the form of a wave. The 
mechanism of propagation of such polymerization waves involves diffusion of the monomer from 
the bulk region to the layers adjacent to the gel where it reacts. As the degree of conversion of 
the monomer reaches a critical value, the gel effect occurs and monomer is quickly consumed, 
causing further diffusion of monomer to the new adjacent layer. 
The interest in isothermal frontal polymerization is due to the use of the polymer product in 
optical applications [2]. Specifically, isothermal FP is used to produce gradient index (GRIN) 
polymers, i.e., polymers having an index of refraction which is nonuniform in space. This may 
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be achieved by adding inert species that have a different refractive index than that of the poly- 
mer, to the initial mixture. The inert additives, uniformly distributed in the fresh mixture, are 
redistributed by the propagating polymerization front: the front can absorb only a fraction of 
the additives it encounters. The remaining fraction is propelled by the front, creating an addi- 
tive concentration gradient in the bulk, and hence, in the polymer. The concentration gradient 
produces the refractive index gradient in the product. In this paper, we model the redistribution 
process, and thus, the formation of the gradient. 
We regard a mathematical model of the production of GRIN polymers as consisting of two 
parts. The first part is a mathematical description of the polymerization process, in which a 
reaction front propagates converting the monomer into the polymer. The second part of the 
model describes how the polymerization process affects the inert distribution. This paper focuses 
on the second part of the model. 
The polymerization process was studied in our previous work (see, e.g., [3]), revealing two re- 
sults that are of significance for this work. One is that the polymerization front is mathematically 
described as a slowly-varying traveling wave solution. This is due to the fact that the state ahead 
of the front continuously changes because polymerization reactions occur there. Since these reac- 
tions in the bulk are slow compared to those in the gel region, the traveling wave encounters an 
essentially homogeneous reacting medium, the degree of conversion qb of which slowly increases. 
Consequently, the changes in both the reaction wave profiles and their velocity occur on a slow 
time scale. The second result is that the width of the region where the major variation of the 
degree of conversion n occurs is narrow compared to the diffusion length of the inert additive, 
provided that the diffusion coefficient of the additive is much larger than that of the monomer. 
This implies that on the scale of the diffusion length of the dopant, the variation of n can be 
considered as occurring in a jump-wise fashion. 
For our model of inert redistribution, we make the realistic assumption that the amount of the 
inert is so small that it does not affect the propagation of the polymerization front. Thus, the 
slowly varying speed of the front and the variation in n are given and we wish to describe how 
the inert additives are redistributed by that front. 
2. THE MODEL 
In this section, we develop a simple model that predicts the distribution of the dopant con- 
centration u in the polymer. First, we propose a mechanism for propulsion of the dopant by the 
front. The phenomenon can be attributed to self-diffusion of the species. Indeed, self-diffusion 
of both the monomer and the dopant occurs during the polymerization process. However, the 
consequences of the self-diffusion for the two species are quite different near the gel region. If 
the dopant diffuses into a vacancy in the gel region, it may either remain there or diffuse back 
into the fresh mixture. If the monomer diffuses into the gel region, it will likely react there and 
permanently occupy the vacancy, preventing the dopant from entering the gel. The dopant can 
diffuse easily into the fresh mixture, but its diffusion into the gel is impeded due to the lack of 
vacancies. Thus, there is a net diffusion flux of the dopant into the fresh mixture wherever a 
gradient in gel vacancies exists. 
Gel vacancies are effectively measured by the degree of conversion of the monomer 7. We 
assume that the dopant flux is proportional to the gradient of r] and to the concentration level u 
of dopant itself. The flux is significant in the vicinity of the front because that is where 77 changes, 
and thus, the vacancy density changes. With this reasoning in mind, we write the total mass 
flux j of the dopant in a form that includes both a Fickian part and an additional term that 
models the effect of self-diffusion: 
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where 6 > 0 is the constant of proportionality. With a flux given by equation (l), the diffusion 
equation governing u takes the form 
~=&(D(~)$$+~(&u$$. fort>O, O<x<L. 
As stated earlier, we assume that the major change in the degree of conversion occurs over a 
small interval, say, d - E < x < d + E, where d = d(t) is the position of the front, i.e., the point 
at which the gel effect occurs, 71 = n,,.. Conversion is complete behind the front and is the bulk 
level 176 ahead of the front, so q(d - E) = 1 and q(d + E) = qb with 2 effectively zero at each of 
these endpoints. We then simplify the problem by considering (2) near x = d(t) in the limit as 
E + 0. Integrating (2) from d - E to x, we obtain 
Dividing (3) by D(q), and noting that $J is effectively zero at x = d - E, we obtain the solution 
of (3) as 
(4) 
where 
(here we omit t as an argument of u). Evaluating (4) at 5 = d + E yields 
u(d - E) 1 ‘+’ 
u(d + E) = Ic 
F(E) 
+ Ic d-t D(q(t)) s 
pexp (-di:cl &) de, 
where k is the segregation coefficient given by 
Taking the limit in (5) as E + 0, we obtain the jump condition for the concentration of the dopant 
across the interface 
u(d(t) - 0, t) = ku(d(t) + 0, t). (7) 
Thus, the mathematical formulation of the problem in the interface limit consists of two diffusion 
equations 
and 
a~ azu 
dt = Dus: t > 0, d(t) < x < L, (8) 
au a2u 
t=D,s, t > 0, 0 < x < d(t), 
with constant diffusion coefficients in the fresh mixture region (Du) and in the product (OS), 
supplemented by appropriate initial conditions, no-flux boundary conditions at each end of the 
region, and the interface condition (7). Since diffusion in the polymer product (x < d(t)) is 
extremely slow compared to that in the liquid mixture (X > d(t)), we set D, = 0. Thus, the 
dopant distribution in the product region does not change in time, and is therefore determined by 
the amount left by the front as it passes through the tube. We wish to determine this distribution. 
It is worth pointing out that many moving free boundary problems involve a continuous variable 
that has a jump in its gradient. Here the variable itself has a jump discontinuity at the interface. 
This is similar to problems of solidification of binary mixtures [4]. However, in solidification, the 
main interest is in a steady-state solution, while here we are interested in the transient behavior 
of the dopant concentration. 
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3. DOPANT DISTRIBUTION IN THE LIQUID BULK 
Rather than solving for u in both regions, we can consider the liquid mixture in isolation by 
reformulating condition (7) in a way that does not involve the concentration of the dopant in 
the product region. We can then use the dopant distribution in the liquid bulk to determine 
the concentration on the liquid side of the interface. This condition is a mass balance across the 
interface 
at z = d(t). 
This condition determines what portion of the dopant supplied to the moving front penetrates 
the interface. 
Next, we simplify the problem by assuming that the length L of the tube is sufficiently large 
compared to the diffusion length and that the front is sufficiently far from the end of the sample 
that a semi-infinite region d(t) < x < 00 can be considered. Then it is convenient to introduce 
a moving coordinate system with slowly varying speed attached to the interface. Let y << 1 
measure the scale of the slow variations; that is, variations occur on the time scale yt. Then the 
moving coordinate is given as 
s t E = Ic - d(t), d(t) = CC-$) dt, 0 
and the problem for the dopant distribution in the liquid mixture becomes 
au d2u au 
t=D,,12+~g, o<l$<cq (11) 
u(E,O) = uo, c(1 - Ic)u(O,t) + D,- = ~uK4t) 0, 
% 
(12) 
The first condition in (12) is the initial condition, which states that the initial concentration of 
the dopant is uniform in space and equal to ua. 
Making the change of variables 
u(S, t) = 46 t) exp 
( & (,+Gt)), 
- 
we reduce (11),(12) to a standard diffusion problem 
3 
~(~,O)=~oex~~~~~~~~~~~~~,~+D~~ 
The solution of this problem is 
2ctII - (E - !A2 
4D,t 
dy 
.- 
0 
+ s [ -co yexp(z) +$$]exp(-2c’Y~$~Y)2) dy], 
(13) 
(14 
0. (15) 
(16) 
which in turn yields u(<, t) via (13). W e h ave solved for the dopant distribution in the bulk liquid 
mixture. 
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4. DOPANT DISTRIBUTION IN THE GEL 
To determine the distribution of dopant in the product region, we use condition (7) and relate 
the product concentration to the known concentration in the liquid mixture evaluated at c = 0. 
Replacing w in (16) with u via (13) and evaluating at < = 0, we find the concentration on 
the liquid side of the interface (u(O+,t)). Then the interface condition (7) gives the dopant 
concentration on the gel side of the interface as 
,(o-,t)=? (21c-1) p [ ex ($$c2t) (l+erf ($$c&)) + (l+erf ($$=))I, (17) 
where erf is the error function 
erf(y) = _L J?T 0y Cp2 dp. 
s 
Finally, we wish to determine the spatial distribution of the dopant in the product (CE < d(t)) 
from the temporal dependence of u at the interface. Suppose first that the propagation velocity 
is constant rather than a slowly varying function of time. Then, in the laboratory coordinate 
system, the position of the interface at time t is x = ct, at which point the concentration of u is 
given by the above equation. Since no diffusion occurs in the product region, we obtain the final 
spatial distribution of the dopant by simply replacing t with z/c in (17). 
If the wave speed c = c(yt) is a slowly varying function of time, then the final spatial distribution 
of the dopant is given parametrically through the positive parameter t by (17) and 
I 
t 
x= c(yt) dt. 
0 
These equations indicate that by controlling the propagation velocity c (i.e., by choosing appro- 
priate experimental conditions for the propagation of the polymerization reaction), one can, in 
principle, achieve a desired concentration distribution of the inert dopant species in the polymer 
product. 
Figure 1. Dopant distributions along the test tube for three values of the dopant 
diffusion coefficient D,. Here a = lo-‘, 0 = 10e4, Y = 2, Q,. = 0.4, y = 10m2, 
6 = 0.217D0, 2. = O.OOScm, t+ = 754s. Curve l-D, = 10-5cm2/s, Curve 2- 
D, = 5. 10e6 cm2/s, Curve 3-D,, = 10e6 cm2/s. 
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Figure 1 depicts the dopant distribution (17) for various values of the dopant diffusion coefficient 
for a methyl methacrylate polymerization front. To produce the figure, we used the expression 
for the propagation velocity c of the polymerization front obtained in [5], 
c=c” 1 - q* --w*/2 
t*J-i&bFiie . (19) 
Here 
where cr is the width of the bulk-gel transition layer, p characterizes the strength of the gel effect, 
Z+ and t, are the spatial and temporal scales, y is a small parameter that is related to the ratio 
of the characteristic reaction time in the gel to that in the bulk, and ~6 is the degree of conversion 
in the bulk given by 
>I , 
An interesting feature of the FP problem is that the segregation coefficient k, which is defined 
in (6), slowly varies with time since nb slowly varies. To compute k for the figure, we used 
D(v) = DO exp(-v) 
in (6) (cf., [5]) with parameter values specified in the figure caption. 
5. RESULTS 
We have presented a model of dopant rejection in isothermal frontal polymerization. This 
process is somewhat similar to that describing directional solidification in binary alloys. The 
model is a moving free boundary problem where the variable of interest has a jump discontinuity 
at the interface. 
The model leads to the result that the dopant distribution can be controlled by controlling the 
propagation speed of the polymerization process, e.g., by adjusting the thermal conditions of the 
experiment. The distribution also depends on the diffusion coefficient of the dopant in the initial 
mixture D,, as well as on the segregation coefficient k. 
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